We consider bound states at the vortex core of a non-centrosymmetric superconductor. We show that, despite the mixing of singlet and triplet order parameters, zero energy states survive within certain parameter space as in vortices of some chiral p-wave states.
2 )ω with the energy scale ω of order ∆ 2 /E F [7] (here n is an integer, ∆ the energy gap and E F the Fermi energy), while the spectrum in the A phase of p-wave superfluid 3 He is given by E = nω which includes a state at zero energy [8] . In this paper, we shall study the vortex bound states in noncentrosymmetric superconductors described by a mixture of singlet and triplet order parameters, which is intermediate between the previous two examples. First, we demonstrate that there are two such zero-energy states (for each p z , to be defined later) corresponding to the pure p-wave order parameter with d(k) ∝ (k xŷ − k yx ) presenting the combined up and down equal-spin pairings. Thus the two states differ by spin orientation, and at first sight, would be coupled by the additional s-wave order parameter and hence acquire finite energies. However, we shall show that, as long as the s-wave component is smaller than a critical value, the zero-energy states survive. Besides, we note that this condition is identical to the existence of a nodal gap. In addition, we consider a Rashba spin-orbital interaction. We shall show that the zero-energy states again survive.
The creation operator α † for a quasiparticle excitations in an inhomogeneous superconductor is a linear combination of electronic annihilation and creation field operators ψ ↑,↓ ( r) and ψ † ↑,↓ ( r): 
where, for the ordinary cases,
2m − E F is the kinetic energy (we shall add the possible Rashba interaction later). Π is a two-by-two matrix due to the pairing. In the singlet case Π represents ∆ s ( r)(iσ 2 ). In the triplet case Π =
where ∆( r, k) is the order parameter parameter. By the conventional notation, ∆( r, k) = ∆ p ( r)d(k) · σ(iσ 2 ). Π is then a sum of the above two when both order parameters are present.
We first consider the simpler case (c.f. e.g. [10] ) where the order parameter is of pure p-wave character with
1/2 ). We shall show that, for each value of momentum along the vortex line p z less than p F , there are two zero-energy states with the associated wavefunction (û( r),v( r)) T given by
in cylindrical coordinates r = (ρ, φ, z), where the radial functions R 1,2 are independent, finite, and decaying at infinity.
For an isolated vortex line with winding number 1, the order parameter can be expressed as ∆ p ( r) = ∆ p (ρ)e iφ where we shall choose the gauge where ∆ p (ρ) is real and positive. The coupling Π in (2) is then
.
(4) ∆ p (ρ) is zero at ρ = 0 and increases toward its asymptotic value ∆ 0 within a range of coherence length
F . In principle we should add also respectively 1 2pF ∂ ρ ∆(ρ) and 1 2pF e 2iφ ∂ ρ ∆(ρ) to the upper left and lower right elements in eq (4) due to the ∇ · D term in Π, but it can be shown that, since these terms are regular ρ → 0 and vanish necessarily as ρ → ∞, they do not affect the arguments below and so we would not show them explicitly to simplify the equations. It is clear from (4) that the BdG equation (2) for excitations with up and down spins become decoupled. For the states with ǫ = 0, we denote the two independent excitations by α † 1 and α † 2 . For α † 1 with up spin, the wavefunctions can be factored into u ↑ ( r) = e ipzz u ↑ (ρ) and v ↑ ( r) = e ipz z v ↑ (ρ). The equations for u ↑ + v ↑ and u ↑ − v ↑ become decoupled:
2m is an effective chemical potential. Here we assume p z < p F , and thusμ > 0. Two properties about Eq. (5) have to be noted here. First, for each of the above equation the presence of a regular singular point at the origin forces the general solutions to be divergent at the origin. Second, the equation corresponding to u ↑ + v ↑ with a minus sign in front of d/dρ has its both solutions unbounded at infinity, whereas the equation for u ↑ −v ↑ has two solutions decaying as ρ → ∞. The above can be shown by substituting e ip ρ into the asymptotic form of (5) where terms proportional to 1/ρ can be neglected and ∆ p (ρ) is replaced by ∆ 0 . Then
, where x ≡ p /p F . For the lower sign appropriate to u ↑ − v ↑ , the solutions for x and hence p is given by p F [+i
(assuming a weak-coupling superconductor and thus ∆ 0 ≪ E F ) with positive imaginary parts (ifμ > 0). Hence u ↑ − v ↑ has a pair of decaying solutions χ 1 (ρ) and χ 2 (ρ). For the upper sign appropriate to u ↑ +v ↑ , we only have two growing solutions that must be rejected and so u ↑ (ρ) + v ↑ (ρ) = 0 must hold. Now both solutions χ 1 (ρ) and χ 2 (ρ) in general contain a divergence of ln ρ as ρ → 0. Nevertheless, a finite solution as ρ → 0 can be found by an appropriate linear combination so that we can write the zero-energy state as the first line in (3), R 1 (ρ) = aχ 1 (ρ) + bχ 2 (ρ) where the coefficients are determined to cancel ln ρ near the origin. (For |p z | > p F ,μ < 0, then both u ↑ ± v ↑ have a single solution which decays at infinity and thus no zero-energy state is allowed, c.f., e.g., [10, 12] ).
The state associated with α † 2 can be obtained in a similar manner. The factorization is (u ↓ ( r), u ↓ ( r)) = e ipzz (e iφũ ↓ (ρ), e −iφṽ ↓ (ρ)). The equations are also decoupled forũ ↓ ±ṽ ↓ as in previous case, but the kinetic energy contains an additional term −1/ρ 2 , which causes a divergence of 1/ρ for the solution near the origin. Analogous procedure shows that there are two decaying solutions η 1 (ρ) and η 2 (ρ) forũ ↓ −ṽ ↓ , but two exponentially increasing solutions forũ ↓ +ṽ ↓ . Therefore we have the solution as (û 2 ( r),v 2 ( r)) = e ipz z (0, e iφ , 0, −e −iφ )R 2 (ρ), where R 2 = cη 1 + dη 2 is a suitable linear combination to cancel the divergence of 1/ρ. Now we obtain the eigenfunctions associated with the two zero-energy excitations. We note the relation
where κ(ρ) ≡ R 2 (ρ)/R 1 (ρ), which will be useful later.
With the solutions (3) obtained for a pure p-wave order parameter (4), we are going to consider the effects of lacking inversion symmetry on (3). For simplicity of presentation, we shall consider separately the Rashba interaction and an admixture of singlet order parameter but we only state the general conclusion at the end. First, we shall show via perturbation theory that a small Rashba interaction or a small s-wave order parameter would not destroy the zero energy states. Then we shall consider general magnitude of these two interactions. Now we add a Rashba spin-orbital interaction h = (−αẑ × p · σ) to the the kinetic energy parts H 0 in (2). In cylindrical coordinates, h and its counterpart −h * associated with the hole sector can be written as
where the upper(lower) sign is for the electron(hole) sectors, respectively. The expectation values of the this spin-orbital interaction for either of the two states given above are obviously zero. The matrix element between the two states in (3) is proportional to the spatial integral ofû †
1 , which, with eq (6), equals {û † 1 σ 1 [e −iφ h + e iφ (−h * )]û 1 } times some function of ρ. Hence the matrix element is zero by explicit use of (7). Therefore, within perturbation, the two states in (3) are unaffected by the coupling from the spin-orbital interaction.
Now consider an additional a singlet pairing order parameter. We therefore add a term
to the pure triplet one in (4) in eq (2). For mixing which do not break time reversal symmetry far from the vortex, the ratio lim ρ→∞ (∆ s (ρ)/∆ p (ρ)) ≡ β must be real. The expectation value of (8) in any given state in (3) is again obviously zero, and matrix element of (8) between the two states in (3) involves the spatial integral ofû † 2 e iφ (iσ 2 )v 1 +v 2 e −iφ (−iσ 2 )û 1 which, by using (6), is zero. Hence in the small β regime, the two zero-energy states remain.
The previous two paragraphs demonstrate that the two states in (3) remain according to perturbation theory. Now we consider the more general case. We shall show that there are two zero-energy states with general form
with u ↑ = −v ↑ andũ ↓ = −ṽ ↓ all finite and decaying at infinity, which survive the additional interactions. First consider order parameter mixing. The operator Π in BdG equation is a sum of (4) and (8) . The corresponding set of differential equations are:
where the differential operators L n = 
where one recalls that ∆ s (ρ → ∞) = β∆ 0 . Note that a similar equation as (13) except the positive coefficient in front of d/dρ is for the z + 's. Again, take e ip ρ as asymptotic solutions. In the weak-coupling limit, p for z
The imaginary parts are therefore, for small ∆ 0 /E F ,
For a given p z and θ, there are four roots associated with z − ± with positive imaginary parts when |β| sin θ < 1, which leads to four independent decaying solutions for z − ± . The same arguments show that the solutions for z + ± are exponentially increasing as ρ → ∞, and hence we must choose w (9) . Therefore a general solution for the zero-energy state for Eq. (10) can be represented by the linear combination of the 4 decaying solutions,
where the f 's decays towards zero at infinity, and so are the y i f i . From eq (10), the divergences near the origin are of the form ln ρ for the first row, and 1/ρ for the second row. Now we have two equations determining the c's by which the respective divergence can be removed. In general, we can have two independent sets of {c i } satisfying the above, which in turn leads to two independent zero-energy states within the vortex core. A crucial consequence is drawn from the above arguments. For the relative pairing strength |β| > 1, |β/ sin θ| > 1 so that the zero-energy states no longer survive, which we conclude that, in addition toμ = 0, |β c | = 1 is another critical parameter. On the other hand, the zero-energy states exist at the core when |β| < 1. The density of such excitations (number per unit length of the vortex line) can be determined from the condition |β/ sin θ| < 1. For a spherical Fermi surface, we obtain 2pF π 1 − β 2 . We note that the energy gap for the bulk excitations are given by ∆ 0 |sinθ ± β|, hence the above critical value of θ for the existence of the E = 0 vortex bound state corresponds to exactly the existence of a nodal line in one of the branches. This is reasonable as this is the value of p z where two of the decaying solutions for sinθ > |β| become extended, destroying the possibility of obtaining the solution eq (9) which converges both at ρ → ∞ and 0.
Next we move on to the case when the spin-orbital interaction (7) is included in (2) . With again the wavefunction in the form of eq (9), the zero-energy BdG equation can be written as
We can analyze these equations in the same manner as the previous case. At infinity the BdG equations become decoupled as 1 2m 
vF which remain finite for arbitrary large value of α.
The above analysis can be generalized to the case where both α and β are finite. We find that a pair of E = 0 states exist if one has both (
We note that in the helicity basis (spin quantization axis along (ẑ × p)), the order parameter on the ± branches of the Fermi surfaces are given respectively by ∆ p
vF ± β , hence the existence or absence of the E = 0 bound states is determined by the relative sign of the order parameter on these two Fermi surfaces.
The solutions in (9) taking the lack of inversion into account are as robust as that of (3) in p-wave superfluids. It is evident that the local charge density is zero since the solutions have equal magnitudes for electron and hole excitations of the same spin projection. Hence the states are not susceptible to nonmagnetic impurities. Similarly, the states are not affected by the Zeeman magnetic field alongẑ again due to the particle-hole symmetry. Furthermore, they are also not altered by exchange or Zeeman fields in the in-plane directions, for the azimuthal dependence in each of (9) leads to zero matrix elements of the local spin density operator among the states [16] .
With the two general independent solutions of the form in (9), the corresponding creation operators are not necessarily self-hermitian. Here we show that a set of two independent Majorana fermions can be built from them. We first demonstrate this for p z = 0. From the two linearly independent solutions, one first construct two orthonormal wavevectors (û,v) and thus two As demonstrated already in, e.g., [9, 12] , the dimension of Hilbert space of a Majorana fermion is √ 2, that is, each two Majorana fermions combines to form one Fermionic state with two degrees of freedom (occupied or empty). Hence, for our system with n v vortices per unit area, we have a residual entropy density n v pF π 1 − β 2 − 2α vF β ln 2. This ground state degeneracy is lifted only by the finite overlap between the vortices [14] , the resulting energies are thus exponentially small in the vortex spacings. The existence of this residual entropy can be used to demonstrate the existence of E = 0 vortex bound states, as well as be a measure of the mixing of the two superconducting order parameters.
In conclusion, we have considered the vortex bound states in a non-centrosymmetric superconductors, in particular for an order parameter appropriate to CePt 3 Si. We demonstrated that the zero energy states exist only for certain range of p z values depending on the magnitudes of the singlet versus the triplet order parameters.
While preparing this manuscript, we become aware of [17] which however discusses a very different aspect of vortex bound states of non-centrosymmetric superconductors.
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